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Instantons and scalar multiquark states: From small to largeNc

T. Schäfer
Department of Physics, North Carolina State University, Raleigh, North Carolina 17695, USA
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We study scalar (q̄q) and (q̄q)2 correlation functions in the instanton liquid model. We show that the
instanton liquid supports a light scalar-isoscalar~sigma! meson, and that this state is strongly coupled to both

(q̄q) and (q̄q)2. The scalar-isovectora0 meson, on the other hand, is heavy. We also show that these properties
are specific to QCD with three colors. In the largeNc limit the scalar-isoscalar meson is not light, and it is

mainly coupled to (q̄q).
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I. INTRODUCTION

There is a long-standing controversy concerning the st
ture of scalar-isoscalar mesons in QCD@1–9#. One view is

that scalar mesons arep-waveqq̄ bound states with masse
in the 1.0–1.5-GeV range. According to this view the lar
effects seen in theI 50 pp and I 51/2 pK channel are due
to t-channel meson exchanges and other coupled channe
fects. The competing view is that there are genuine sc
resonances below 1 GeV, and that the structure of th
states is quite different from ordinary quark modelqq̄ states.

Jaffe suggested that the unusual properties of the l
scalar mesons could be explained by assuming a la
(qq)(q̄q̄) admixture@2,7#. He observed that the spectrum
the flavor nonet obtained by coupling two antitriplet sca
diquarks is inverted as compared to a standardqq̄ nonet, and
contains a light isospin singlet, a strange doublet, an
heavy triplet plus singlet with hidden strangeness. This co
pares very favorably to the observed light sigma, the stra
kappa, and the heaviera0(980) andf 0(980). It also explains
why the a0 and f 0 are strongly coupled toKK̄ and ph.
Strong correlations in the antitriplet scalar diquark chan
are quite natural in QCD and have also been invoked in o
to understand the structure of baryons@10,11# and dense
baryonic matter@12,13#.

In this work we study the nature of scalar-isoscalar m
sons in the instanton model@14,15#. There are several rea
sons why instantons effects are relevant. Scalar-isoscalar
sons have vacuum quantum numbers and are directly re
to fluctuations in the chiral condensate. There is an imp
sive amount of evidence from lattice calculations that inst
tons are responsible for chiral symmetry breaking in QC
@16–18#. These calculations also suggest that the appr
mate zero modes responsible for chiral symmetry break
are small in size. This implies that the chiral condensate
very inhomogeneous and that fluctuations in the scalar ch
nel are large. In addition to that, if there is a lar
(qq)(q̄q̄) admixture in the wave function of scalar meson
both flavor mixing and off-diagonal (qq̄)-(qq̄)2 mixing have
to be large. The instanton induced (qq̄)Nf interaction pro-
vides a natural mechanism for these effects.

In order to study the nature of scalar-isoscalar mesons
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compute both (qq̄) and (qq)(q̄q̄) correlation functions. We
show that there is a large scalar resonance signal in both
diagonal (qq̄) and (qq)(q̄q̄) correlators as well as the off
diagonal (qq̄)-(qq)(q̄q̄) correlator. This implies that there i
indeed a large four quark admixture in the scalar-isosc
meson. We have to note, however, that in a relativistic qu
tum field theory this statement is somewhat hard to quan
We can compute the coupling of the (qq̄) and (qq)(q̄q̄)
operators to the scalar resonance, but these coupling con
have different dimensions and it is not clear how to comp
them.

We address this problem by studying scalar correlators
different numbers of colors. We expect that in the largeNc
limit the scalar meson becomes a ‘‘normal’’ quark mod
state which is dominated by the (qq̄) component. This im-
plies that there is no scalar resonance signal in the four qu
channel, and that the scalar-isoscalar and scalar-isove
correlators become indistinguishable. We show that this t
dency is clearly seen in ratios of correlation functions co
puted in QCD with different numbers of colors.

This paper is organized as follows. In Sec. II we defi
(qq̄) and (qq)(q̄q̄) scalar correlation functions. In Sec. I
we discuss the short distance behavior of these correla
and investigate the importance of unphysical contributions
the quenched approximation. In Sec. IV we present num
cal results from quenched and unquenched simulations o
instanton liquid model.

II. SCALAR CORRELATORS

The lowest dimension operator with the quantum numb
of the sigma meson is the scalar (qq̄) operator

j (qq̄)5
1

A2
~ ūu1d̄d!. ~1!

The corresponding correlation function is~see Fig. 1!

P (qq̄)~x!5O~x!22T~x!

5^Tr@S~0,x!S~x,0!#&

22^Tr@S~0,0!#Tr@S~x,x!#&, ~2!
©2003 The American Physical Society17-1
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where^.& is an average over all gluonic field configuration
S(0,x) is the full quark propagator in a given backgrou
gluonic field, and the trace is taken over Dirac and co
indices.O(x) andT(x) denote the one-loop~connected! and
two-loop ~disconnected! terms in the correlation function
Note that the quark line connected term is equal to the c
relator of the scalar-isovector current,Pa0

(x)5O(x). Lat-
tice calculations of the correlation function~2! have been
reported in Refs.@19–22#.

There are several ways to construct scalar-isoscalar
quark operators. One possibility is to couple two quark-a
quark operators. We expect the most attractive channe
arise from the coupling of two color-singlet, flavor-triple
pseudoscalar operators,

j (qq̄)25~ q̄g5taq!~ q̄g5taq!. ~3!

The corresponding correlation function is equal to theI 50
two-pion correlator@23#

P I0~x!5
1

4!
^ j (qq̄)2~0! j (qq̄)2~x!&

5D~x!1
1

2
C~x!23A~x!1

3

2
G~x!, ~4!

where

D~x!5^~Tr@S~0,x!g5S~x,0!g5# !2& ~5!

C~x!5^Tr~@S~0,x!g5S~x,0!g5#2!& ~6!

A~x!5^Tr@S~0,x!g5S~x,x!g5S~x,0!g5S~0,0!g5#& ~7!

G~x!5^Tr@~S~0,0!g5!2#Tr@~S~x,x!g5!2#& ~8!

are the four quark correlators shown in Fig. 2. TheI 52
two-pion correlator is given by

P I2~x!5D~x!2C~x! ~9!

and does not involve any disconnected diagrams. The m
(qq̄)-(qq̄)2 correlation function is given by~see Fig. 3!

P (qq̄)2I0~x!5
1

3!
^ j (qq̄)~0! j (qq̄)2~x!&

5A2~Amix~x!2Gmix~x!!, ~10!

where

FIG. 1. Quark line diagrams contributing to the scalar (qq̄)
correlation function,~O! ‘‘one-loop,’’ and ~T! ‘‘two-loop.’’ The lines
are quark propagators in a gluonic background field.
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Amix~x!5^Tr@S~0,x!g5S~x,x!g5S~x,0!#& ~11!

Gmix~x!5^Tr@S~0,0!#Tr@~S~x,x!g5!2#&.
~12!

Instead of coupling two quark-antiquark operators we c
construct scalar-isoscalar four quark operators by couplin
diquark and an antidiquark operator. The most attract
channel is expected to arise from two color antitriplet a
isospin singlet scalar diquarks

j (dq)25eabceade~qbCg5t2qc!~ q̄dCg5t2q̄e!. ~13!

This operator can be Fierz rearranged into a (qq̄)2 operator.
The result is

j (dq)25
1

4 H ~ q̄g5t̄aq!~ q̄g5t̄aq!1~ q̄t̄aq!~ q̄t̄aq!

1~ q̄gmt̄aq!~ q̄gmt̄aq!1~ q̄g5gmt̄aq!~ q̄g5gmt̄aq!

2
1

2
~ q̄smnt̄aq!~ q̄smnt̄aq!J ~14!

where t̄a5(tW ,i ). Note that the flavor structure of Eq.~14!

is that of a determinant, (q̄t̄aq)(q̄t̄aq)5(ūu)(d̄d)

FIG. 2. Quark line diagrams contributing to the two-pion corr
lation function,~D! ‘‘direct,’’ ~C! ‘‘crossed,’’ ~A! ‘‘single annihila-
tion,’’ and ~G! ‘‘double annihilation’’ or ‘‘glue.’’

FIG. 3. Quark line diagrams contributing to the off-diagon
scalar two-pion correlation function, (Amix) ‘‘single annihilation,’’
and (Gmix) ‘‘double annihilation’’ or ‘‘glue.’’
7-2
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INSTANTONS AND SCALAR MULTIQUARK STATES: . . . PHYSICAL REVIEW D68, 114017 ~2003!
2(ūd)(d̄u). Equation~14! contains both attractive channel
such aspp and f 0f 0, as well as repulsive channels, such
h8h8 anda0a0. In the following we will concentrate on the
pp channel equation~3!.

III. SCALAR CORRELATORS
IN THE INSTANTON MODEL

In this section we wish to study instanton contributions
the scalar correlation functions~2!, ~4!, and~9! and Eq.~10!.
At short distances only the effect of the closest instanton
to be taken into account. The main instanton contribution
related to the zero mode term in the fermion propagator

S~x,y!.
c0~x2z!c0

†~y2z!

m*
, ~15!

where c0(x) is the zero mode wave function andz is the
location of the instanton. For an isolated instantonm* 5mq
wheremq is the current quark mass. In an ensemble of
stantons m* is an effective mass m*
.pr(2/Nc)

1/2(N/V)1/2. Here,r is the average instanton siz
and N/V is the average instanton density. Instanton z
modes make equal contributions to the one and two-l
terms in the scalar correlation function~2!, Oinst5Tinst,0,
see Fig. 4. As a consequence the one-instanton contribu
is attractive in thes channel and repulsive in thea0 channel.
Averaging over the position of the instanton we get

Ps,a0

SIA ~x!56E drn~r!
6r4

p2

1

~m* !2

]2

]~x2!2

3H 4j2

x4 S j2

12j2
1

j

2
log

11j

12j D J , ~16!

where n(r) is the instanton size distribution andj2

5x2/(x214r2). The one-instanton contribution can be r
summed using the random phase approximation~RPA! @24–
26#

Ps,a0

RPA~x!5NcS NcV

N D E d4qeiq•xGs~q!
61

16Cs~q!
Gs~q!.

~17!

The loop and vertex functionsCs andGs are given by

FIG. 4. Single instanton contributions to the scalar correlat
function. The lines crossing the shaded area correspond to
mode propagators, andL andR label the chirality of the quark. The
anti-instanton contribution corresponds toL↔R.
11401
s

s
is

-

o
p

on

Cs~q!54NcS V

ND E d4p

~2p!4

M1M2~M1M22p1•p2!

~M1
21p1

2!~M2
21p2

2!
,

~18!

Gs~q!54E d4p

~2p!4

~M1M2!1/2~M1M22p1•p2!

~M1
21p1

2!~M2
21p2

2!
, ~19!

wherep15p1q/2, p25p2q/2 andM1,25M (p1,2) are mo-
mentum dependent effective quark masses. In the insta
liquid model the momentum dependence of the effect
quark mass is governed by the Fourier transform of the
stanton zero mode profile. The effective quark mass at z
virtuality, M (0), is determined by a Dyson-Schwinger equ
tion. For typical values of the parametersr.0.3 fm and
(N/V)51 fm24 we find M (0).350 MeV.

Scalar correlation functions in the RPA approximation a
shown in Fig. 5. We observe that the isoscalar and isove
correlation functions are indeed very different. We also n
that the isovector correlator is unphysical forx.0.7 fm.
This is an artifact of the quenched approximation and can
understood in terms of quenchedph8 intermediate states
The quencheds correlation function receives unphysic
h8h8 contributions, but these terms are not included in
random phase approximation. The scalar-isoscalar (s) cor-
relator shows a clear resonance signal. A simple pole fit gi
ms5540 MeV. We observe that thes and a0 correlation
functions become more similar as the number of colors
creases. However, in the RPA approximation the differe
remains finite and large in the limitNc→`. As explained in
Ref. @27# this is related to a failure of the RPA approximatio
when applied to the largeNc instanton liquid.

n
ro

FIG. 5. Scalar-isoscalar (s) and scalar-isovector (a0) correla-
tion functions for different numbers of colorsNc calculated in the
random phase approximations approximation to the instanton liq
model. The correlation functions are normalized to free field beh
ior P0(x);1/x6. The upper/lower curves correspond to thes/a0,
respectively.
7-3
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T. SCHÄFER PHYSICAL REVIEW D 68, 114017 ~2003!
Let us now study instanton contributions to the two-pi
correlation functions~4! and ~9!. The first possibility is that
all four quarks propagate in zero mode states. In QCD w
Nf52,3 flavors this contribution violates the Pauli princip
and has to vanish. This is reflected by the fact that in both
I 50 and 2 correlation functions the sum of the coefficie
of the four different contractions,D, C, A andG, vanishes.
We note that for light quark masses it is dangerous to d
the disconnected contributions to theI 50 correlator, an ap-
proximation sometimes referred to as the quenched vale
approximation. In particular, there is a large positive ze
mode contribution to the connectedI 50 correlation function
which is not present in the fullI 50 correlator.

Contributions with an odd number of fermion zero mod
violate chirality. This leaves terms with two zero mod
propagators, see Fig. 6. These terms only appear in the d
and crossed diagrams. The one-instanton contribution to
direct diagram isDSIA(x)52Pp

0 (x)Pp
SIA(x), wherePp

0 (x)
53/(p4x6) is the free quark contribution andPp

SIA(x)
5Ps

SIA(x) is the single instanton contribution to the pio
correlation function. It is clear thatDSIA(x) simply corre-
sponds to two non-interacting pions. Interactions arise fr
the crossed term. We find

P I0
SIA~x!52Pp

0 ~x!Pp
SIA~x!1

1

6
Pp

0 ~x!Pp
SIA~x! ~20!

P I2
SIA~x!52Pp

0 ~x!Pp
SIA~x!2

1

3
Pp

0 ~x!Pp
SIA~x!. ~21!

This implies that the one-instanton term is attractive in
I 50 channel and repulsive in theI 52 channel. One can try
to resum this interaction in order to study thepp interaction
at intermediate and long distances. For the one-gluon
change interaction, this problem was recently studied in R
@28#. At very low momenta, thepp interaction is con-
strained by chiral symmetry. Weinberg predicted thes-wave
scattering lengths in theI 50 andI 52 channels@29#

a0
05

7mp

32p f p
2

, a0
252

mp

16p f p
2

. ~22!

We emphasize, however, that our objective in this work
not a determination of the scattering lengths, but a study
scalar resonances. In Sec. IV we will describe how to s

FIG. 6. Instantons contributions to thepp correlation functions.
At the one-instanton level, there are no contributions to the sin
and double annihilation diagrams.
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the instanton induced interaction to all orders by perform
numerical simulations of theI 50,2pp correlation functions
in the instanton model.

At the one-instanton level there is no contribution to t
mixed (qq̄)-(qq̄)2 correlation function. This is a conse
quence of the fact that inNf52 QCD not all quarks can
propagate in zero mode states. In QCD with three flav
there is a flavor mixing (ūu)(d̄d)( s̄s) contribution.

Finally, we have to understand the effect of the quench
approximation on the isoscalar two-pion correlation functi
@30,31#; see Fig. 7. The main artifact in the quenched a
proximation arises from unphysicalh8h8 intermediate
states. The long distance, low momentum part of
quenchedh8 propagator is of the form

Ph8~q!5
lp

2

q21mp
2

2
lp

2

q21mp
2

m0
2 1

q21mp
2

, ~23!

where the second term is the so-called double-hairpin con
bution, m0

2.mh8
2 is related to theh8 mass andlp is the

coupling of the pion to the pseudoscalar current. Note t
the double hairpin term is negative in euclidean space. Us
Eq. ~23! we see that theh8h8 contribution to theI 50 pp
correlation function contains a one double-hairpin te
which is negative and a two double-hairpin term which
positive in euclidean space. Numerical results for the co
dinate space correlation function are shown in Fig. 8. T
correlation function is normalized to the square of the p
correlator. For comparison we also show the contribution
a scalars resonance with massms5500 MeV and coupling
constantls5(350 MeV)5. We observe that the quenche
approximation leads to unphysical contributions that are
pulsive at intermediate distancesx;0.5 fm and large and
attractive at large distance. We also observe that these ef
will mask the presence of a sigma resonance, unless
sigma coupling is very large.

IV. NUMERICAL RESULTS

In this section we present numerical results obtained
quenched and unquenched simulations of the instanton liq
model @32,33#. The main assumption of the instanton liqu
model is that the QCD partition function

Z5E DAmexp~2S!)
f

Nf

det~ iD” 1 imf ! ~24!

le

FIG. 7. Diagrams that lead to quenching artifacts in the tw
pion correlation function. The diagram on the left and right sh
the two and one double-hairpin terms.
7-4
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is dominated by classical gauge configurations called ins
tons. Instantons in QCD withNc colors are characterized b
4Nc collective coordinates, position~4!, size ~1!, and color
orientation (4Nc25). An ensemble of instantons is gov
erned by the partition function

Z5 (
NI ,NA

1

NINA
E )

i

NI1NA

@dV id~r i !#

3exp~2S!)
f

Nf

det~ iD” 1 imf !, ~25!

whereV5(zi ,r i ,Ui) labels the collective coordinates an
d(r) is the instanton measure. Correlation functions
computed from the quark propagator in a given instan
configuration. The propagator is determined by numerica
inverting the Dirac operator in the space of approximate z
modes. The short distance part is added perturbatively.

Most of the results presented below were obtained fr
simulations at a quark massmq520 MeV in a Euclidean box
with dimensions (2.83 fm)335.66 fm. We have not system
atically studied finite volume corrections. Finite volume e
fects on the two-pion correlator can be used in order to
termine pion scattering lengths@34#. Our aim in this work is
not a determination of thepp scattering length, but a stud
of pp resonances.

Scalar-isoscalar and scalar-isovector correlation functi
are shown in Fig. 9. We note that the scalar-isoscalars and
scalar-isovectora0 correlators behave very differently. Th
a0 correlator is very repulsive. In the quenched approxim
tion the correlation function even becomes negative. T
behavior can be understood in terms of quenchedh8p inter-
mediate states. In full QCD the correlator is still quite rep
sive. We extract a resonance massma0

;1 GeV. The sigma

FIG. 8. Quenchedh8h8 contribution to theI 50 pp correlation
function normalized to the square of the pion correlation functi
The curves labeled~1h! and ~2h! show the one and two double
hairpin diagram; see Fig. 7. For comparison, we also show
contribution of a scalar resonance.
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correlator, on the other hand, is very attractive, both
quenched and full QCD. Because of the large vacuum c
tribution ^(q̄q)2& it is hard to extract the mass. Our resu
are consistent with a light scalarms5(0.55–0.70) GeV.

In Fig. 10 we showI 50,2pp correlation functions in the
quenched approximation. The results are normalized to
square of the pion correlation function. We observe that
I 52 pp correlator is indeed repulsive, the correlation fun
tion is suppressed as compared to the square of the
correlator. The connected part of theI 50 correlator is very
strongly enhanced and has an unusual shape. This is du

.

e

FIG. 9. Scalar-isoscalars and scalar-isovectora0 correlation
functions in the instanton model. The correlators are normalize
free field behaviorP0(x);1/x6. The labels~qu! and~unq! refer to
the quenched and unquenched correlation functions.

FIG. 10. I 50 and 2 two-pion correlation functions measured
quenched simulations of the instanton liquid model. The correla
are normalized to the square of the pion correlation function. T
curve labeled~conn! shows the connected part of theI 50 cor-
relator~full ! is the completeI 50 correlator, and~subtr! is the com-
plete correlator after the vacuum contribution is subtracted.
7-5
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the effect discussed in Sec. III. The connectedI 50 cor-
relator receives a large Pauli principle violating zero mo
contribution. The fullI 50 correlator has a vacuum contr
bution ^(q̄taq)2&2 that needs to be subtracted. The subtr
tion involves large cancellations and the result has large
tistical uncertainties forx.0.5 fm. We note that the
subtracted correlation function is repulsive at intermedi
distancesx;0.5 fm. As explained in Sec. III this is an art
fact of the quenched approximation.

Unquenchedpp correlation functions are shown in Fig
11. We observe that theI 52 correlation function is not
strongly modified as compared to the unquenched calc
tion. The same is true for the connectedI 50 correlator.
However, the full ~subtracted! I 50 correlator is strongly
modified. The correlation function is now attractive at inte
mediate distancesx;0.5 fm. The data are not sufficientl
accurate to determine the mass of a resonance, but the
nance parameters can be estimated if the data are comb
with the diagonal (qq̄) and off-diagonal (qq̄)-(qq̄)2 correla-
tors. We findms5600 MeV andls5(330 MeV)5.

In Figs. 12–14 we show the behavior of the correlati
functions for different numbers of colorsNc53, . . . ,6@27#.
We find that the difference between the scalar-isoscalar
scalar-isovector correlation functions disappears as the n
ber of colors increases. ForNc56 the mass of the sigma i
ms.1 GeV. The physical reason for the change in t
sigma meson correlation function is the fact that the ch
condensate becomes more homogeneous as the numb
colors increases. The main change in the scalar-isove
correlation function is the disappearance of quenchedh8p
intermediate states. We expect that the unquencheda0 mass
is fairly independent of the number of colors.

Figure 13 shows that the off-diagonal (qq̄)-(qq̄)2 corre-
lation function decreases dramatically as the number of
ors increases. The results are consistent with the idea tha
off-diagonal correlation function vanishes in the largeNc

FIG. 11. I 50 and 2 two-pion correlation functions measured
unquenched simulations of the instanton liquid model. Curves
beled as in Fig. 10.
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limit. The I 52 pp correlator is only weakly affected by th
number of colors. We observe, however, that theI 52 corre-
lation function tends towards the noninteractingpp cor-
relator. The connectedI 50 correlator, on the other hand
shows a very dramatic decrease towards the non-interac
two pion correlation function as the number of colors i
creases.

-
FIG. 12. Scalar-isoscalar (s) and scalar-isovector (a0) correla-

tion functions for different numbers of colorsNc . The correlators
are normalized to free field behavior,P0(x);Nc /x6. The upper/
lower curves correspond to thes/a0, respectively. The data show
in this figure were obtained from quenched simulations of the
stanton liquid model.

FIG. 13. Off-diagonal (qq̄)-(qq̄)2 correlation function for dif-
ferent values of the numbers of colorsNc . The correlation func-

tions are normalized to the free (qq̄) correlator. The data shown in
this figure were obtained from quenched simulations of the ins
ton liquid model.
7-6
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V. SUMMARY

In this paper we studied scalar (qq̄) and (qq̄)2 correlation
functions in the instanton model. We showed that the str
ture of the scalar-isoscalars and scalar-isovectora0 mesons
is very different. The correlation function in thea0 channel is
very repulsive while thes channel is strongly attractive. Th
scalar (qq̄) correlator is consistent with a light sigma res
nance with a massms5(5502700) MeV @9,26,32,33#. A
light sigma resonance also appears in Nambu-Jona-Las
models@35#. However, the large OZI violation in the scala
channel is characteristic of the instanton induced interact

We also showed that the sigma couples strongly to thI

50 (qq̄)2 current. Observing this effect not only requires
calculation of both the connected and disconnected

FIG. 14. ConnectedI 50 and I 52 two-pion correlation func-
tions for different values of the numbers of colorsNc .
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grams, but also the inclusion of the fermion determinant
the calculation is restricted to connected diagrams, or p
formed in the quenched approximation, the scalar resona
is masked by large unphysical contributions.

We showed that the special properties of the sigma m
son, its small mass and large coupling to (qq̄)2 states, are
specific to QCD with three colors. If the number of colors
increased the sigma becomes an ‘‘ordinary’’ meson with
mass in the 1 GeV range and small coupling to (qq̄)2 states.
The physical reason is that the chiral condensate is very
homogeneous inNc53 QCD, but becomes more homog
neous as the number of colors increases. The large inho
geneity of the condensate inNc53 QCD reflects the smal
size of the instanton. The chiral condensate becomes m
homogeneous asNc grows because the instanton liquid
more dense. As emphasized in Ref.@27# this does not neces
sarily imply that instantons overlap strongly, since the inst
ton density grows like the volume of the color group.

There are many interesting problems that remain to
studied. In this paper we concentrated on scalar mes
in Nf52 flavor QCD. One of the remarkable aspects
(qq)(q̄q̄) states inNf53 QCD is their flavor structure. In
particular, one would like to verify that there is hidde
strangeness in the heavy scalars. In addition to the me
meson or diquark-antidiquark interaction we would also li
to study diquark-diquark correlations. This problem is r
evant to the structure of dense baryonic matter@36#, the spec-
trum of (qq)2q̄ pentaquark states@37#, and the possible ex
istence of the H dibaryon@38#.
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